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Abstract
In this paper, we introduce a new concept of random ambiguous point of random operator, and investigate
some problems of random ambiguous point of random K(ω)-set–contractive operator, and obtain some new
results of random K(ω)-set–contractive operator.
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1. Introduction
This paper belongs to the category of random nonlinear functional analysis. The random non-
linear functional analysis is a new subject branch. It comes out of random analysis, nonlinear
functional analysis and probability theory, etc., see [1–10].
The random ambiguous point of random k(ω)-set–contractive (where ω ∈ Ω) operator is a
new problem for random nonlinear functional analysis. To solve the problem will contribute
(help) to the foundation of random ambiguous theory. In this paper, we prove some concerned
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new way to find random ambiguous point.
Let (Ω,U,γ ) be a complete probability measure space, with γ (Ω) = 1, and let E be a separa-
ble infinite-dimensional real Banach space, (E,B) a measurable space, B denotes the σ -algebra
of generated by all open subsets in E, and let P be a cone of E, D a relative bounded open set
with respect to P , D and ∂D the closure and boundary of D, respectively. Here
P ⊂ E, T (x0, r) =
{
X ∈ E: ‖x − x0‖ < r
}
(r > 0, x0 ∈ E),
∂T (x0, r) =
{
x ∈ E: ‖x − x0‖ = r
}
(r > 0, x0 ∈ E).
2. Main results
Definition 1. Let D be an open set in P , θ ∈ D, suppose that A :Ω × D → P is a random
operator, A(ω, θ) = θ, ∀ω ∈ Ω . Let λ0(ω) ∈ R, if for every ε > 0, there are the x, λ(ω), and
they satisfy the random equation A(ω,x) = λ(ω)x, such that |λ(ω) − λ0(ω)| < ε, ∀ω ∈ Ω,
0 < ‖x‖ < ε.
Then λ0(ω) is called a random ambiguous point of random operator A(ω, ·).
Definition 2. Let P be a cone in E, D an open set in P . A random continuous bounded operator
A :Ω × D → P is said to be a random K(ω)-set–contractive operator, if for almost all fix
ω ∈ Ω,A(ω, ·) is a k-set–contractive operator, where k(ω) ∈ [0,1), k ∈ [0,1), and for
∀x ∈ D, such that A(·, x) :Ω → P is a P -valued random operator.
Theorem 1. Let D be an open set in P , suppose that A :Ω × D → P is a random K(ω)-set–
contractive operator, A(ω, θ) = θ and it satisfies the following condition:
lim‖x‖→0
‖A(ω,x)‖
‖x‖ = λ0(ω) 1 + k(ω), x ∈ D, ω ∈ Ω, where k(ω) ∈ [0,1). (H1)
Then λ0(ω) is a random ambiguous point of random k(ω)-set–contractive operator A(ω, ·).
Proof. When T (θ, r) ⊂ D, A :Ω × T (θ, r) → P is a random K(ω)-set–contractive operator.
We prove 1
λ0(ω)−K(ω)A :Ω × T (θ, r) → P is also a random k(ω)-set–contractive operator as
follows: because λ0(ω) 1 + K(ω), that is,
λ0(ω) − K(ω) 1, or 1
λ0(ω) − K(ω)  1,
we have
α
[
1
λ0(ω) − K(ω)A
(·, T (θ, r))
]
 α
[
A
(·, T (θ, r))]K(ω)α(T (θ, r)),
where α denotes noncompact measure. Thus
1
λ0(ω) − K(ω)A :Ω × T (θ, r) → P is a random k(ω)-set–contractive operator.
According to
lim‖x‖→0
‖A(ω,x)‖
‖x‖ = λ0(ω), x ∈ D, ω ∈ Ω, (1)
we discuss two cares.
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with 0 < r  r0, we have∣∣∣∣‖A(ω,x)‖‖x‖ − λ0(ω)
∣∣∣∣< k(ω), x ∈ D, ‖x‖ r, ω ∈ Ω.
Hence,
‖A(ω,x)‖
‖x‖ − λ0(ω) > −k(ω).
That is,
‖A(ω,x)‖
‖x‖ > λ0(ω) − K(ω). (2)
Because D is an open set, θ ∈ D, we take a r0, such that all r , and 0 < r  r0, we have
T (θ, r) ⊂ D. According to what’s said above, we know that
1
λ0(ω) − K(ω)A :Ω × T (θ, r) → P is a random k(ω)-set–contractive operator.
By θ ∈ T (θ, r) and (2), we have
1
λ0(ω) − K(ω)A(ω, θ) = θ /∈ ∂T (θ, r), and∥∥∥∥ 1λ0(ω) − K(ω)A(ω,x)
∥∥∥∥> ‖x‖, ∀x ∈ ∂T (θ, r), where 0 < r  r0. (3)
Secondly, we prove that there are a tr ∈ (0,1] and an xr ∈ ∂T (θ, r), such that
A(ω,xr) = λ0(ω) − k(ω)
tr
xr , 0 < r  r0. (4)
Suppose that 1
λ0(ω)−K(ω)A(ω, ·) has no random fixed point in ∂T (θ, r), otherwise (4) holds.
Thus we have
1
λ0(ω) − K(ω)A(ω,x) = tx, x ∈ ∂T (θ, r),
therefore, we have t /∈ (0,1], in fact, if t0 ∈ (0,1], x0 ∈ ∂T (θ, r). They satisfy the equation
A(ω,x0)
λ0(ω) − K(ω) = t0x0,
then t0 = 1. (Otherwise, we obtain 1λ0(ω)−K(ω)A(ω,x0) = x0, this is in contradiction to that
1
λ0(ω)−k(ω)A(ω, ·) has no random fixed point in ∂T (θ, r).) Hence∥∥∥∥ A(ω,x)λ0(ω) − K(ω)
∥∥∥∥= t0‖x0‖ < ‖x0‖,
this is in contradiction to (3). By (3) and [3, Theorem 5] we know that
iR
(
A(ω, ·)
λ0(ω) − K(ω),T (θ, r),p
)
= 0. (5)
Let
H(ω, t, x) = t
λ0(ω) − K(ω)A(ω,x), ∀(t, x) ∈ [0,1] × T (θ, r), ∀ω ∈ Ω.
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α
[
t
λ0(ω) − K(ω)A
(·, T (θ, r))
]
 k(ω)α
(
T (θ, r)
)
.
If ∀t ∈ [0,1] and ∀x ∈ ∂T (θ, r), we have x = H(ω, t, x). By the homotopy invariance prop-
erty of random fixed point index in [3], we know that
iR
(
1
λ0(ω) − k(ω)A(ω, ·), T (θ, r),P
)
= iR
(
θ,T (θ, r),P
) = 1.
This is in contradiction to (5). It follows that there are a tr ∈ [0,1] and an xr ∈ ∂T (θ, r), such
that
xr = H(ω, tr , xr ) = tr
λ0(ω) − k(ω)A(ω,xr), ω ∈ Ω,
where tr = 0 in the equation xr = t rA(ω,x)λ0(ω)−k(ω) . Otherwise, xr = θ ∈ T (θ, r), but this is in contra-
diction to xr ∈ ∂T (θ, r). Thus
A(ω,xr) = λ0(ω) − k(ω)
tr
xr .
According to the above discussion, for ∀r , there exists an r0, such that 0 < r  r0. It satisfies
the equation
A(ω,xr) = λ0(ω) − k(ω)
tr
xr , where ‖xr‖ = r → 0 (when r → 0),
that is,
λ0(ω) − k(ω)
tr
= ‖A(ω,xr)‖‖xr‖ → λ0 (when r → 0).
Then, ∀ε > 0, there exists a r ′ > 0, such that
0 < r < r ′,
∣∣∣∣λ0(ω) − k(ω)tr − λ0(ω)
∣∣∣∣< ε.
We take an rε , such that 0 < rε < min{r ′, r0, ε}. By (4), we obtain that trε ∈ (0,1],
xrε ∈ ∂T (θ, rε). Then it follows∣∣∣∣λ0(ω) − k(ω)tr − λ0(ω)
∣∣∣∣< ε, λ0(ω) − k(ω)tr xr = A(ω,xr)
and 0 < ‖xrε‖ = rε < ε.
Hence λ0(ω) is a random ambiguous point of A(ω, ·).
2. For k(ω) = 0, utilizing the same methods as above, we can prove that the conclusion of
Theorem 1 holds. 
Theorem 2. Let D be an open set in P , Ω ⊂ R, suppose that A :Ω ×D → P is a random k(ω)-
set–contractive operator, A(ω, θ) = θ, ∀ω ∈ Ω . Meanwhile, it satisfies the following condition:
∥∥A(ω,x)∥∥ =
(
2.5 + 1
2
sin(ω)
)
‖x‖, x ∈ D, ω ∈ Ω and x = θ.
Then 2.5 + 12 sin(ω) is a random ambiguous point of random k(ω)-set–contractive operator
A(ω, ·).
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‖A(ω,x)‖
‖x‖ = 2.5 +
1
2
sin(ω).
That is,
lim‖x‖→0
‖A(ω,x)‖
‖x‖ = 2.5 +
1
2
sin(ω) > 1 + k(ω), ω ∈ Ω, k(ω) ∈ [0,1).
It satisfies the conditions of Theorem 1, thus by Theorem 1, we obtain the conclusion of
Theorem 2. 
Utilizing the methods of Theorem 1, we can prove that Theorem 3 holds.
Theorem 3. Let D be an open set in P,Ω ⊂ R, suppose that A :Ω × D → P is a random
k(ω)-set–contractive operator, A(ω, θ) = θ . Meanwhile, it satisfies the following condition:∥∥A(ω,x)∥∥ = e1+k(ω)‖x‖, x ∈ D and x = θ, ω ∈ Ω.
Then e1+k(ω) is a random ambiguous point of random k(ω)-set–contractive operator.
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